
 

jkpo;ehL gs;spf;fy;tpj; Jiw 

kJiu khtl;lk; 

12 – fzpjk; 

rpwg;G gapw;rp ifNaL 2021-22 

topfhl;ly;         Nkw;ghh;it 

cah;jpU. ,uh.Rthkpehjd; mth;fs;     jpU.g. FkNurd; mth;fs; 

Kjd;ikf; fy;tp mYtyh;      jiyik Mrphpah; 

kJiu khtl;lk;        muR khjphp Nky;epiyg;gs;sp 

           P. mk;khgl;b. 

Mrphpah; FO:- 

xUq;fpizg;ghsh;fs;: 

1.  C. jkpo;Fkud;                2.  D. ghz;bad;   
     KJfiy Mrphpah;                   KJfiy Mrphpah; fhe;jp[p  
     my;mkPd;> Nky;epiyg;gs;sp          epidT muR Mz;fs; 
     GJhh;> kJiu.                     Nky;epiyg;gs;sp  Ngiua+h;.       

P. nre;jpy; Fkhh;>  
KJfiy Mrphpah;  muR 
Nky;epiyg;gs;sp>     
cwq;fhd;gl;b> kJiu 

R. jkpo;r;nry;tp>  
KJfiy Mrphpah; 

 PKN Nky;epiyg;gs;sp> jpUkq;fyk; 

R. tp[aFkhh;>  
KJfiy Mrphpah; 

TVS Nky;epiyg;gs;sp> kJiu. 

M. rq;fu%h;j;jp>  
= fe;jrhkp tpj;ahyak;  
Nky;epiyg;gs;sp> ghg;Gehaf;fd;gl;b. 

K.S. yjh>  
KJfiy Mrphpah; 
muR Nky;epiyg;gs;sp> mtdpahGuk; 

S. KUNf];thp>  
KJfiy Mrphpah;> 

muR Nky;epiyg;gs;sp>T. fy;Yg;gl;b 

D. tpNtfp>  
KJfiy Mrphpah;  

VHN Nky;epiyg;gs;sp> kJiu. 

K.R.P. epj;ah Njtp>  
KJfiy Mrphpah; 
muR ngz;fs; Nky;epiyg;gs;sp>   
fUq;fhyf;Fb 

V. tp[aghG>  
KJfiy Mrphpah; 

muR Nky;epiyg;gs;sp> M. Rg;GyhGuk; 

N. ,uhkfpU\;zd;>  
KJfiy Mrphpah;>  
muR Mz;fs; Nky;epiyg;gs;sp>  
vOkiy 

S. jpyPg; Fkhh;>  
KJfiy Mrphpah; 
muR Mz;fs; Nky;epiyg;gs;sp>    
fUq;fhyf;Fb 

M. Rgh\pdp> KJfiy Mrphpah; 
   muR Nky;epiyg;gs;sp> rj;jpug;gl;b 
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12 fzpjk; - rpwg;G gapw;rp ifNaL 

 khzth;fSf;F vspikahfg; GhpAk; tifapy; Kf;fpa tpdhf;fSf;F> tpilfs; 

kpfTk; vspa Kiwapy; tpsf;fg;gl;Ls;sJ. 

 khzth;fs; ,e;jf; ifNal;by; cs;s fzf;Ffis Ghpe;J gbg;gJld; kPz;Lk;> 

kPz;Lk; vOjpg;ghh;g;gJ mtrpak;. 

 ghlg;Gj;jfj;jpy; ,lk;ngw;Ws;s midj;J xU kjpg;ngz; tpdhf;fspy; ed;F 

gapw;rp Nkw;nfhz;lhy; 14 kjpg;ngz;fs; vspjhfg; ngwyhk; 

 Njh;tpy;> tpdhtpid gyKiw gbj;J> Nfs;tpiag; Ghpe;J> tpiliaf; fz;lwpe;j 

gpd;G tpilaspf;f Ntz;Lk;.  KOikahd tpil njhpatpy;iy vd;whYk;> 

me;j tpdhtpw;F tpilia cq;fSf;F njhpe;j mstpw;F gjpy; mspj;jhy; 

epiwa kjpg;ngz;fisg; (Step Mark) ngwyhk;. 

 khzth;fs; ve;jf; Nfs;tpiaAk; tpl;Ltplhky; fz;bg;ghf midj;J 

Nfs;tpfSf;Fk; cq;fSf;F njhpe;j mstpy; tpilaspf;f Ntz;Lk;. 

 Njitahd ,lq;fspy; glq;fs; tiuaNtz;Lk;.  #j;jpuq;fs; vOj Ntz;Lk;.  

,tw;wpw;F kjpg;ngz;fs; cz;L. 

 jd;dk;gpf;ifNahL fzpjj; Njh;tpid vjph;nfhs;s Ntz;Lk;. 

Kaw;rp  +  gapw;rp  =  ntw;wp 

 

1. Application of Matrix and Determinants  

 Important points:  

 1. 𝐴−1  =   
1

|𝐴|
𝑎𝑑𝑗𝐴 

 2. 𝐴−1  =  ±  
1

√|𝑎𝑑𝑗𝐴|
𝑎𝑑𝑗𝐴 

 3. 𝐴 =  ±  
1

√|𝑎𝑑𝑗𝐴|
𝑎𝑑𝑗 (𝑎𝑑𝑗𝐴)  

 4. The rank of a matrix is equal to the number of non-zero rows in row-echelon  

form of the matrix  

 5. Matrix inversion method: A X = B    ==> 𝑋 =  𝐴−1𝐵 

 6. Cramer’s method: 

   x =  
∆1

∆
,  y =  

∆2

∆
  ,  z =  

∆3

∆
 

 7.  If 𝐴𝐴𝑇 = 𝐴𝑇𝐴 = 𝐼 then A is orthogonal  
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CHAPTER 1  

Application of Matrices and Determinants: 

2, 3 Mark Questions: 

1. Find the inverse of the matrix [
2
−5
−3

−1
3
2

3
1
3
] 

Solution: 

 |𝐴| =  |
2
−5
−3

−1
3
2

3
1
3
| = 2 (9 – 2) + 1 (-15 + 3)+3 (-10 +9)  

= 2(7)+1(-12)+3(-1)=14-12-3= -1≠0 

 adj A =   [
9 − 2
6 + 3
−1 − 9

−3 + 15
6 + 9
−15 − 2

−10 + 9
3 − 4
6 − 5

]

𝑇

  

⌈
⌈
⌈
⌈
⌈
 
2 −1 3 2 −1 3
−5 3 1 −5 3 1
−3
2
−5
−3

2
−1
3
2

3
3
1
3

−3
2
−5
−3

2 3
−1 3
3 1
2 3

 

 adjA =  [
7
9
−10

12
15
−17

−1
−1
   1
]

𝑇

= [
7
12
−1

9
15
−1

−10
−17
1
] 

                      𝐴 −1 = 
1

|𝐴|
 adj A = 

1

−1
[
7
12
−1

9
15
−1

−10
−17
     1

]  = [
−7
−12
1

−9
−15
 1

10
17
−1
] 

2. If A= [
8 −4
−5 3

], verify that A (adj A) = (adj A) A= |𝐴|𝐼2 

 Solution : 

  adj A= [
3 4
5 8

] 

  |𝐴| =  |
3 4
5 8

| = 24 – 20 = 4 

  |𝐴|𝐼2 = 4 [
1 0
0 1

] =  [
4 0
0 4

] ……….. (1)  

  A (adj A) = [
4 0
0 4

]  ………………  (2)  

  (adj A) A= [
4 0
0 4

] ………………..(3) 

From (1), (2) and (3)  

  A (adj A) = (adj A) A = |𝐴|𝐼2 
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3. If A= [
0 −3
1 4

] and B= [
−2 −3
0 −1

],verify that (𝐴𝐵)−1 = 𝐵−1𝐴−1 

 Solution:  

  A B =  [
0 −3
1 4

] [
−2 −3
0 −1

]  = [
0 + 0 0 + 3
−2 + 0 −3 − 4

] =  [
0 3
−2 −7

] 

  |𝐴𝐵| = 0 + 6 = 6;             adj AB=  [
−7 −3
2 0

] 

  (𝐴𝐵)−1 = 
1

|𝐴𝐵|
 adj (AB) = 

1

6
[
−7 −3
2 0

] ……… (1)  

  𝐵−1𝐴−1 = 
1

6
[
−7 −3
2 0

] ………………… (2) 

  From (1) and (2)  

  (𝐴𝐵)−1 = 𝐵−1𝐴−1 

4. If A= [
3 2
7 5

] and B= [
−1 −3
5 2

] verify that (𝐴𝐵)−1 = 𝐵−1𝐴−1 

 Solution:  

  A B =  [
3 2
7 5

] [
−1 −3
5 2

]  = [
−3 + 10 −9 + 4
−7 + 25 −21 + 10

] =  [
7 −5
18 −11

] 

  |𝐴𝐵| = -77 + 90 = 13; adj (AB) =  [
−11 5
−18 7

] 

  (𝐴𝐵)−1 = 
1

|𝐴𝐵|
 adj (AB) = 

1

13
= [
−11 5
−18 7

] ……… (1) 

  𝐵−1𝐴−1 = 
1

13
[
−11 5
−18 7

] ………………… (2) 

  From (1) and (2)  

  (𝐴𝐵)−1 = 𝐵−1𝐴−1 

5. Find a matrix A if adjA = [
2
−3
−2

−4
12
0

2
−7
2
] 

 Solution:  

  𝐴 = ± 
1

√|𝑎𝑑𝑗𝐴|
 adj (adj A)  

  |𝑎𝑑𝑗𝐴| =  2 (24 -0) +4 (-6 -14) +2 ( 0 + 24)  

     =  48 – 80 + 48 = 16  

  √|𝑎𝑑𝑗𝐴| = √16  = 4 
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  adj (adj A) = [
24 − 0
0 + 8
28 − 24

−14 + 6
4 + 4
−6 + 14

0 + 24
8 − 0
24 − 12

]

𝑇

 

⌈
⌈
⌈
⌈
⌈
 
2 −4 2 2 −4 2
−3 12 −7 −3 12 −7
−2
2
−3
−2

2
0
12
0

2
2
−7
2

−2
2
−3
−2

0 2
−4 2
12 −7
0 2

 

          = [
24
8
4

20
8
8

24
8
12
]

𝑇

 

           =  [
24
20
24

8
8
8

4
8
12
] 

  𝐴 = ± 
1

√|𝑎𝑑𝑗𝐴|
 adj (adj A)  = ± 

1

4
[
24
20
24

8
8
8

4
8
12
] = ±[

6
5
6

2
2
2

1
2
3
] 

6. If 𝐴 = 
1

9
[
−8 1 4
4 4 7
1 −8 4

]    Prove that   𝐴−1  =   𝐴𝑇 

 Solution:  

  AAT  = I   AT  = A-1 

  𝐴𝑇 = 
1

9
[
−8 4 1
1 4 −8
4 7 4

] 

 𝐴𝐴𝑇 = 
1

9
[
−8 1 4
4 4 7
1 −8 4

]
1

9
[
−8 4 1
1 4 −8
4 7 4

]    =  
1

81
[
81 0 0
0 81 0
0 0 81

] = [
1 0 0
0 1 0
0 0 1

] = I 

   𝐴−1  =   𝐴𝑇 

7. If  F(𝛼) = [
cos 𝛼 0 𝑠𝑖𝑛𝛼
0

 −sin 𝛼
1
0

0
cos 𝛼

] show that (𝐹(𝛼))−1 = F(-𝛼) 

Solution: 

  F(−𝛼) = [
cos(−𝛼) 0 sin(−𝛼)
0

−sin(−𝛼)
1
0

0
cos( −𝛼)

] 

  F(−𝛼) = [
cos 𝛼 0 − sin 𝛼
0
sin 𝛼

1
0

0
cos 𝛼

] …….. (1) 

 (𝐹(𝛼))−1 = [
cos 𝛼 0 − sin 𝛼
0
sin 𝛼

1
0

0
cos 𝛼

] …….. (2) 

 

From (1) and (2),  (𝐹(𝛼))−1 = F(-𝛼) 
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8. If adj (A) = [
0 −2 0
6
−3

2
0

−6
6
], find 𝐴−1 

  Solution:  

                         |𝑎𝑑𝑗𝐴| = 0 (12 -0) +2 (36 -18) + 0 (0 +6) =36 

  √|𝑎𝑑𝑗𝐴| = √36 = 6 

  𝐴−1 = ± 
1

|𝐴|
𝑎𝑑𝑗𝐴 

           = ± 
1

6
[
0 −2 0
6 −2 0
−3 0 6

] 

9. If adj A = [
0 −2 0
6 −2 0
−3 0 6

] , 𝑓𝑖𝑛𝑑𝐴−1 

 Solution:  

  |𝑎𝑑𝑗𝐴| = −1(1 − 4) − 2(1 − 4) + 2(2 − 2) =   3 + 6 + 0 = 9 

  √|𝑎𝑑𝑗𝐴|  =   √9  =    3 

  𝐴−1  =    ± 
1

√|𝑎𝑑𝑗𝐴|
𝑎𝑑𝑗𝐴 = ± 

1

3
[
−1 2 2
1 1 2
2 2 1

] 

 

10. Verify the property (𝐴𝑇)−1  = (𝐴−1)𝑇 with 𝐴 =  [
2 9
1 7

]  

Solution                                                     

|𝐴| = 14 − 9 = 5 

𝑎𝑑𝑗𝐴 =  [
7 −9
−1 2

] 

  𝐴−1 = 
1

|𝐴|
𝑎𝑑𝑗𝐴 =

1

5
[
7 −9
−1 2

] 

  (𝐴−1)𝑇 =
1

5
[
7 −1
−9 2

] ………………….. (1) 

  (𝐴𝑇)−1 =
1

5
[
7 −1
−9 2

] ………………….. (2)   

  From (1) and (2)(𝐴−1)𝑇  = (𝐴𝑇)−1 
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11. Prove that [
𝑐𝑜𝑠𝜃 −𝑠𝑖𝑛𝜃
𝑠𝑖𝑛𝜃 𝑐𝑜𝑠𝜃

]   is orthogonal 

 Solution  

  If  AAT = ATA = I then A is orthogonal 

 A= [
𝑐𝑜𝑠𝜃 −𝑠𝑖𝑛𝜃
𝑠𝑖𝑛𝜃 𝑐𝑜𝑠𝜃

] ⇒  𝐴𝑇= [
𝑐𝑜𝑠𝜃 𝑠𝑖𝑛𝜃
−𝑠𝑖𝑛𝜃 𝑐𝑜𝑠𝜃

] 

 𝐴𝐴𝑇= [
𝑐𝑜𝑠𝜃 −𝑠𝑖𝑛𝜃
𝑠𝑖𝑛𝜃 𝑐𝑜𝑠𝜃

] [
𝑐𝑜𝑠𝜃 𝑠𝑖𝑛𝜃
−𝑠𝑖𝑛𝜃 𝑐𝑜𝑠𝜃

] 

         =  [ 𝑐𝑜𝑠2𝜃 + 𝑠𝑖𝑛2𝜃 𝐶𝑜𝑠𝜃𝑠𝑖𝑛𝜃 − 𝑠𝑖𝑛𝜃 cos 𝜃
𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃 − 𝑐𝑜𝑠𝜃𝑠𝑖𝑛𝜃 𝑐𝑜𝑠2𝜃 + 𝑠𝑖𝑛2𝜃

] 

                   𝐴𝐴𝑇 = [
1 0
0 1

] = I      𝑠𝑖𝑚𝑖𝑙𝑎𝑟𝑙𝑦    𝐴𝑇𝐴 = 𝐼 

       ∴ A is orthogonal. 

12. Find the matrix A for which A [
5 3
−1 −2

] =  [
14 7
7 7

] 

solution: 

 AB = [
14 7
7 7

] ⇒ A = [
14 7
7 7

]𝐵−1 

 |B|= |
5 3
−1 −2

| =  −10 + 3 =  −7 ; 𝑎𝑑𝑗𝐵 =  [
−2 −3
1 5

] 

 𝐵−1 = 
1

|𝐵|
 adj B = −

1

7
[
−2 −3
1 5

] 

 A = [
14 7
7 7

] (−
1

7
) [
−2 −3
1 5

] = −
1

7
[
−28 +7  − 42 + 35
−14 +7  − 21 + 35

] 

 A = −
1

7
[
−21 −7
−7 14

] = [
3 1
1 −2

] 

13. Find the rank of the matrix [
3 2 5
1 1 2
3 3 6

] by minor method  

 Solution: 

  Let A = [
3 2 5
1 1 2
3 3 6

] Then A is a matrix of order 3 x 3  

                       𝑃(A) ≤ min (3, 3) =3 

                         |𝐴| =  |
3 2 5
1 1 2
3 3 6

| = 3 (6 -6) -2 (6 – 6) -5 (3 – 3) = 0  

        ⌊
3 2
1 1

⌋ = 3 – 2 = 1 ≠ 0 

  ∴ 𝑃(𝐴) = 2 
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14. Find the rank of the matrix [
2 −2 4 3
−3 4 −2 −1
6 2 −1 7

] by reducing it to an echelon form: 

 Solution: 

  The rank of a matrix is equal to the number of non-zero rows in a row –echelon 

form of the matrix. 

 A =  [
2 −2 4 3
−3 4 −2 −1
6 2 −1 7

]~ [
2 −2 4 3
0 2 8 7
0 8 −13 −2

]
𝑅2  →  2𝑅2 + 3𝑅1
𝑅3  →  𝑅3  −   3𝑅1

 

  

 ~ [
2 −2 4 3
0 2 8 7
0 0 −45 −30

] 𝑅3 → 𝑅3 − 4𝑅2 ~ [
2 −2 4 3
0 2 8 7
0 0 3 2

] 𝑅3 → 𝑅3 ÷ (−15) 

  ∴ 𝑃(𝐴) = 3 

15. Find the rank of the matrix =  [
1 −2 3
2 4 −6
5 1 −1

] by minor method  

 Solution:  

  Let A =  [
1 −2 3
2 4 −6
5 1 −1

]           p(A) ≤ min (3, 3) = 3 

  |𝐴| = [
1 −2 3
2 4 −6
5 1 −1

] = 1 (-4 + 6) +2 (-2 + 30) +3 (2 – 20)  

    = 2 + 56 – 54 = 4  

    ∴ 𝑃(𝐴) = 3 

16. Find the rank of the matrix  [
1 1 1 3
2 −1 3 4
5 −1   7 11

]by reducing it to an echelon form: 

 Solution:  

 The rank of a matrix is equal to the number of non-zero rows in a row-echelon form of 

the matrix  

  A = [
1 1 1 3
2 −1 3 4
5 −1 7 11

]  ∼ [
1 1 1 3
0 −3 1 −2
0 −6 2 4

]
𝑅2  → 𝑅2 − 2𝑅1
𝑅3  → 𝑅3  −  5𝑅1

  

 

    ∼ [
1 1 1 3
0 −3 1 −2
0 0 0 0

]R3  R3 - 2R2  

           P(A) = 2 
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17. A = [
5 3
−1 −2

]show that A2 -3A – 7I2 = 0;  Hence find A-1. 

 Solution:  

   A2 = AA = [
5 3
−1 −2

] [
5 3
−1 −2

]  =  [
25 − 3 15 − 6
−5 + 2 −3 + 4

]  =   [
22 9
−3 1

] 

   A2 -3A – 7I2 = [
22 9
−3 1

] −  3 [
5 3
−1 −2

] − 7 [
1 0
0 1

] 

    =  [
22 − 15 − 7  9 − 9 − 0
−3 +   3 −  0 1 + 6 − 7

]  |𝐴| =  −10 + 3 = −7 

    =  [
0 0
0 0

]  =  02    adj A = [
−2 −3
1 5

] 

        𝐴−1   =   
1

7
[
2 3
−1 −5

] 

18. Solve 2x – y = 8  ;  3x + 2y = -2  Using matrix inversion method  

 Solution:  

  [
2 −1
3 2

] [
𝑥
𝑦]=  [

8
−2
] 

  AX=B  ==>     X=A-1B 

  |𝐴| =  |
2 −1
3 2

|=  4 + 3 = 7≠0; adj A = [
2 1
−3 2

] 

  𝐴−1   =   
1

|𝐴|
𝑎𝑑𝑗𝐴 =   

1

7
[
2 1
−3 2

] 

   X =  A-1B 

    = 
1

7
[
2 1
−3 2

] [
8
−2
] 

    = 
1

7
[
16 − 2
−24 − 4

]=  
1

7
[
14
−28

]  =  [
2
−4
] 

   x = 2,   y = -4 

19. Solve  
3

𝑥
+ 2𝑦 = 12,

2

𝑥
+ 3𝑦 = 13by Cramer’s rule  

 Solution: 

  ∆  = |
3 2
2 3

|    =  9 – 4  =  5 

  ∆1  =  |
12 2
13 3

|    =  36 – 26  =  10 

  ∆2  =  |
3 12
2 13

|    =  39 – 24  =  15     

  
1

𝑥
 =   

∆1

∆
  =   

10

5
  =   2 ⟹ 𝑥 =  

1

2
 

  𝑦 =  
∆2

∆
  =   

15

5
  =   3 

  𝑥 =  
1

2
   ,  y = 3 
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20. Solve 5x – 2y + 16 = 0, x + 3y – 7 = 0 by Cramer’s rule  

 Solution: 

  5x – 2y = -16,   x + 3y  =  7 

  ∆  = |
5 −2
1 3

|    =  15 + 2  = 17 

  ∆1  =  |
−16 −2
7 3

|    =  -48 +14  =  -34 

  ∆2  =  |
5 −16
1 7

|    =  35 +16  =  51     

  𝑥 =   
∆1

∆
  =   

−34

17
  =  −2  

  𝑦 =  
∆2

∆
  =   

51

17
  =   3 

  𝑥 =  −2   ,  y = 3   

 

5 Marks questions: 

1. If A = [
8 −6 2
−6 7 −4
2 −4 3

]verify that ; A(adj A) = (adj A) A  = |𝐴|𝐼3 

 Solution:  

  |𝐴| = [
8 −6 2
−6 7 −4
2 −4 3

]   =  8(21-16)  + 6(-18 + 8)  +2(24-14)  

   = 40- 60 + 20 = 0   

8 − 6      2     8 − 6   2
−6    7 − 4 − 6   7 − 4
2 − 4      3     2 − 4   3
8 − 6      2     8 − 6   2
−6    7 − 4 − 6   7 − 4
2 − 4      3     2 − 4   3

 

  |𝐴|𝐼3   = 0  [
1 0 0
0 1 0
0 0 1

]  =   [
0 0 0
0 0 0
0 0 0

]   ………… (1)   

  𝑎𝑑𝑗𝐴 =  [
5 10 10
10 20 20
10 20 20

] 

  𝐴(𝑎𝑑𝑗𝐴)  =  [
0 0 0
0 0 0
0 0 0

]   ………… (2)     

  (𝑎𝑑𝑗𝐴)𝐴  =  [
0 0 0
0 0 0
0 0 0

]   ………… (3)   

  From (1), (2)  and  (3)  

  A(adjA)  =   (adjA)A =  |𝐴|𝐼3 
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2. A = [
−4 4 4
−7 1 3
5 −3 −1

] and  B = [
1 −1 1
1 −2 −2
2 1 3

]find the products AB and BA and hence solve 

the system of equations x – y + z = 4,  x – 2y – 2z = 9,  2x + y +3z = 1 

 Solution: 

  AB = [
−4 4 4
−7 1 3
5 −3 −1

] [
1 −1 1
1 −2 −2
2 1 3

] 

         = [
−4 + 4 + 8 4 − 8 + 4 −4 − 8 + 12
−7 + 1 + 6 7 − 2 + 3 −7 − 2 + 9
5 − 3 − 2 −5 + 6 − 1 5 + 6 − 3

] 

  AB =  [
8 0 0
0 8 0
0 0 8

]  = 8 [
1 0 0
0 1 0
0 0 1

]   =  8I 

  BA = [
1 −1 1
1 −2 −2
2 1 3

] [
−4 4 4
−7 1 3
5 −3 −1

]  =   8 [
1 0 0
0 1 0
0 0 1

]   =  8I 

  AB = BA = 8I 

  AB = 8I  
1

 8
𝐴 = 𝐵−1 

  [
1 −1 1
1 −2 −2
2 1 3

] [
𝑥
𝑦
𝑧
]  =  [

4
9
1
] 

   𝐵 [
𝑥
𝑦
𝑧
]  =  [

4
9
1
] 

   [
𝑥
𝑦
𝑧
]  =  𝐵−1 [

4
9
1
] 

   = 
1

8
[
−4 4 4
−7 1 3
5 −3 −1

] [
4
9
1
] 

   = 
1

8
[
−16 +36 +4
−28 +9 +3
20 −27 −1

]   = 
1

8
[
24
−16
−8

] 

   [
𝑥
𝑦
𝑧
]  =  [

3
−2
−1
] 

   x= 3,  y = -2,  z = -1 
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3. Solve 2x + 3y –z = 9,  x + y + z = 9 ,  3x – y – z = -1 using inversion method:  

 Solution: 

  [
2 3 −1
1 1 1
3 −1 −1

] [
𝑥
𝑦
𝑧
]  =  [

9
9
−1
]  

  AX = B 

  |𝐴| =  |
2 3 −1
1 1 1
3 −1 −1

|  =  2(-1 +1)  - 3(-1-3) -1(-1-3) 

   = 0 + 12 + 4  =  16 ≠ 0    

2     3     1     2     3  − 1
  1     1      1    1       1     1 
3 − 1 − 1     3 − 1 − 1
2     3     1     2     3  − 1
1     1      1    1       1     1
3 − 1 − 1     3 − 1 − 1

 

  𝑎𝑑𝑗𝐴 =  [
−1 + 1 3 + 1 −1 − 3
1 + 3 −2 + 3 9 + 2
3 + 1 −1 − 2 2 − 3

]

𝑇

 

   = [
0 4 −4
4 1 11
4 −3 −1

]

𝑇

  =  [
0 4 4
4 1 −3
−4 11 −1

] 

  𝐴−1  =   
1

|𝐴|
𝑎𝑑𝑗𝐴 

   =  
1

16
[
0 4 4
4 1 −3
−4 11 −1

] 

  X = A-1B 

   = 
1

16
[
0 4 4
4 1 −3
−4 11 −1

] [
9
9
−1
]= 

1

16
[
0 +  36 −  4
36 +   9 +  3
−36 +  99 +  1

]=
1

16
[
32
48
64
] 

   [
𝑥
𝑦
𝑧
]  =  [

2
3
4
] 

   x = 2,  y = 3,  z = 4 

4. Solve 
3

𝑥
−
4

𝑦
−
2

𝑧
− 1 = 0  ,   

1

𝑥
+ 

2

𝑦
+ 

1

𝑧
− 2 = 0 ,  

2

𝑥
−
5

𝑦
−
4

𝑧
+ 1 = 0 by Cramer’s rule  

 Solution:  

  ∆  = |
3 −4 −2
1 2 1
2 −5 −4

|    =  3(-8 + 5) + 4(-4 -2) -2(-5-4) 

   = -9 -24 + 18 = -15 

  ∆1  =  |
1 −4 −2
2 2 1
−1 −5 −4

|    =  1(-8 +5) + 4(-8 +1) – 2(-10 +2) 

   = -3-28 +16 = -15 
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  ∆2  =  |
3 1 −2
1 2 1
2 −1 −4

|    =  3(-8+1) – 1(-4-2) -2(-1-4) 

   = -21 + 6 + 10 = -5 

  ∆3  =  |
3 −4 1
1 2 2
2 −5 −1

|    =  3(-2+10) + 4(-1-4) +1(-5-4) 

   = 24 - 20 - 9 = -5  

  
1

𝑥
= 

∆1

∆
= 

−15

−15
= 1 ⟹ 𝑥 = 1 

  
1

𝑦
= 

∆2

∆
= 

−5

−15
=
1

3
⟹ 𝑦 = 3 

  
1

𝑧
= 

∆3

∆
= 

−5

−15
=
1

3
⟹ 𝑧 = 3 

   x = 1,  y = 3,  z = 3  

5. A fish tank can be filled in 10 minutes using both pumps A and B simultaneously.  

However, pump B can pump water in or out at the same rate.  If pump B is 

inadvertently run in reverse, then the tank will be filled in 30 minutes.  How long 

would it take each pump to fill the tank by itself?  (Use Cramer’s rule to solve the 

problem. 

 Solution: 

  
1

𝑥
 +  

1

𝑦
 =  

1

10
 

  
1

𝑥
−
1

𝑦
 =  

1

30
 

  ∆  = |
1 1
1 −1

|    =  -1-1 = -2 

  ∆1  =  |

1

10
1

1

30
−1
|    = - 

1

10
−

1

30
  = 

−3−1

30
  =  

−4

30
  = 

−2

15
 

  ∆2  =  |
1

1

10

1
1

30

|    =  
1

30
−

1

10
  = 

1−3

30
  =  

−2

30
  = 

−1

15
 

 
1

𝑥
 =   

∆1

∆
 =  

−2 15⁄

−2
 =  

−2

15
 ×  

1

−2
= 

1

15
⟹ 𝑥 = 15 

 
1

𝑦
 =   

∆2

∆
 =  

−1 15⁄

−2
 =  

−1

15
 ×  

1

−2
= 

1

30
⟹ 𝑦 = 30 

 x=15minutes y = 30minutes 
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6. In a T-20 match, a team needed just 6 runs to win with 1 ball left to go in the last over.  

The last ball was bowled and the batsman at the crease hit it high up.  The ball traversed 

along a path in a vertical plane and the equation of the path is y= ax2 + bx + c with 

respect a xy-coordinate system in the vertical plane and the ball traversed through the 

points (10> 8)> (20>16)> (40> 22) can you conclude that the team won the 

match?  Justify your answer.  (All distances are measured in metres and the meeting 

point of the plane of the path with the farthest boundary line is (70,0)) 

Solution:  

  y = ax2 + bx + c 

  100a + 10b + c = 8 

  400a + 20b + c = 16 

  1600a + 40b + c = 22 

 ∆ =  |
100 10 1
400 20 1
1600 40 1

| = 1000 |
1 1 1
4 2 1
16 4 1

| 

      = 1000 [(1(2-4) -1(4-16) +1(16-32)] 

      = 1000 [-2+12-16]  =   1000(-6) 

  = -6000 

∆1 =  |
8 10 1
16 20 1
22 40 1

| = 20 |
4 1 1
8 2 1
11 4 1

| 

      = 20 [4(2-4) – 1(8 -11) +1(32-22)] 

      = 20 [-8+3+10]  =   1000(-6) 

∆1  = 100  

∆2 =  |
100 8 1
400 16 1
1600 22 1

| = 200 |
1 4 1
4 8 1
16 11 1

| 

      = 200[1(8 -11) – 4(4-16) +1(44-128)] 

      = 200(-3+48-84) 

∆2 = -7800 

∆3 =  |
100 10 8
400 20 16
1600 40 22

| = 2000 |
1 1 4
4 2 81
16 4 11

| 

       = 2000 [1(22-32) – 1(44-128) +4(16-32)] 

       = 2000[-10+84-64] 
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∆3  = -20000 

 𝑎 =   
∆1

∆
 =  

100

−6000
 =  

−1

60
 

𝑏 =   
∆2

∆
 =  

−7800

−6000
 =  

13

10
  

 𝑐 =   
∆2

∆
 =  

20000

−6000
 =  

−10

3
 

 𝑦 =  
−1

60
𝑥2 + 

13

10
𝑥 −

10

3
 

         245      85 

 𝑥 = 70 ⟹ 𝑦 =  
−1

  60 
 ×   4900 +

13

10
 × 70 −

10

3
 =  −

 255 

 3 
  + 91  

          3 

  y = 6 metres  

The ball went for a super six.  The team won the match  

7. The upward speed (t) of a rocket at time t is approximated by v(t) = at2 + bt + c,                  

0 ≤ 𝑡 ≤ 100 where a, b and c are constants.  It has been found that the speed at times       

t = 3, t=6 and t=9 seconds are respectively 64, 133 and 208 miles per seconds.  Find the 

speed at time t = 15 seconds (Use Gaussian elimination method): 

 Solution: 

  V(t) = c + bt + at2 

  V(3) = 64 ⟹ 𝑐 + 3𝑏 + 9𝑎 = 64 

  V(6) = 133  ⟹ c + 6b + 36a = 133 

  V(9) = 208  ⟹ c+ 9b + 81a = 208  

 [𝐴| 𝐵] =  ⌈[
1 3 9
1 6 36
1 9 81

⌋
64
133
208

]
𝑅2→ 𝑅2−𝑅1
→       
𝑅3 →𝑅3 − 𝑅1

[
1 3 9
0 3 27
0 6 72

⌋
64
69
144

]⌉ 

 

𝑅2→ 𝑅2 ÷3
→       
𝑅3 →𝑅3  ÷ 6

[
1 3 9
0 1 9
0 1 12

⌋
64
23
24
]
𝑅3 →𝑅3−𝑅2
→       [

1 3 9
0 1 9
0 0 3

⌋
64
23
1
] 

  3a = 1 ⇒ a = 
1

3
 

 b +9a = 23⟹b + 9 (1/3) = 23 ⟹ b = 23 -3 = 20  

 c + 3b + 9a =64 ⟹ c +3 (20) + 9(1/3) = 64        

              ⟹ c =64 – 60-3 = 1 

 V(t) = 1/3 t2 + 20 t+1 

 V(15) = 1/3 (225) + 20 x15 + 1 =75 + 300 + 1= 376 m/s 
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8. A boy is walking along the path y = ax2 + 6x + c through the points (-6, 8), (-2, -12) and  

(3, 8).  He wants to meet his friend?  (Use Gaussian elimination method) 

Solution: 

 y = c + bx + ax2 

 c- 6b + 36a =  8  

 c – 2b + 4a = -12 

 c + 3b + 9a = 8  

 [𝐴 |𝐵] =  [
1 −6 36
1 −2 4
1 3 9

⌋
8
−12
8
]

𝑅2→𝑅2−𝑅1
→       

𝑅3 →𝑅3 − 𝑅1
[
1 −6 36
0 4 −32
0 9 −27

⌋
8
−20
0
] 

   

𝑅2→ 𝑅2 ÷4
→       
𝑅3 →𝑅3  ÷ 9

[
1 −6 36
0 1 −8
0 1 −3

⌋
8
−5
0
]
𝑅3 →𝑅3−𝑅2
→       [

1 −6 36
0 1 −8
0 0 5

⌋
8
−5
5
] 

  5a = 5        ⇒ a = 
5

5
 = 1 

  b – 8a = -5 ⇒ b-8 = -5 ⇒ 𝑏 =  −5 + 8 = 3 

  c – 6b + 36 = 8 ⇒ c – 18 + 36 = 8 ⇒c = 8 + 18 – 36 = -10  

   y = x2 + 3x -10 

  x = 7 ⇒ y = 49 + 21 – 10 = 60  

  He will meet his friend      

9) If 𝑎𝑥2 + 𝑏𝑥 + 𝑐 is divided by x + 3, x – 5 and x – 1, the remainders are 21, 61 and 9 

respectively.  Find a, b and c (Use Gaussian elimination method). 

 Solution: p(x) = c + bx + 𝑎𝑥2  

   P(-3) = 21 ⇒ c – 3b + 9a = 21 

   P(5) = 61 ⇒ c + 5b + 25a = 61 

   P(1) = 9 ⇒ c + b + a = 9 

 [𝐴| 𝐵] =  [
1
1
1

−3
5
1

9
25
1
⌋
21
61
9
]

𝑅2→ 𝑅2−𝑅1
→       
𝑅3 →𝑅3 − 𝑅1

[
1
0
0

−3
8
4

9
16
−8
⌋
21
40
−12

] 

  

𝑅2→ 𝑅2 ÷8
→       

𝑅3 →𝑅3  ÷ 4 
[
1
0
0

−3
1
1

9
2
−2
⌋
21
5
−3
]
𝑅3 →𝑅3−𝑅2
→       [

1
0
0

−3
1
0

9
2
−4
⌋
21
5
−8
] 

  −4𝑎 =  −8 ⇒ a = 
−8

−4
 =2  

 𝑏 + 2𝑎 = 5 ⇒ 𝑏 + 4 = 5 ⇒ 𝑏 = 5 − 4 = 1 

 𝑐 − 3𝑏 + 9𝑎 = 21 ⇒ 𝑐 − 3 + 18 = 21 ⇒ 𝑐 = 21 + 3 − 18 = 6 

 ∴ 𝑎 = 2, 𝑏 = 1, 𝑐 = 6 
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CHAPTER - 2 

COMPLEX NUMBERS 

Important Hints: 

 𝑖2 = −1,               𝑖3 = −𝑖 ,                    𝑖4 =  1 

 𝑅𝑒ctangular form of a complex number is x + iy  real part is x, Imaginary part is y. 

 The conjugate of the complex number z= x + iy is x –iy and is denoted by 𝑧 

 If z = x + iy then modulus of z is |𝑧| = √𝑥2 + 𝑦2 

 Triangle inequality: 

For any two complex number 𝑧1𝑎𝑛𝑑𝑧2, |𝑧1 + 𝑧2|  ≤ |𝑧1| + |𝑧1| 

 √𝑎 + 𝑖𝑏  = ± [√
|𝑧|+𝑎

2
 + 𝑖

𝑏

|𝑏|
√
|𝑧|−𝑎

2
] 

 Additive inverse of z is –z multiplicative inverse of z is 1/z 

 z is real if any only if z = 𝑧 and z is purely imaginary if and only if z = - 𝑧 

 Distance between two complex numbers, 𝑧1 and 𝑧2 is |𝑧1 − 𝑧2| 

 |𝑧 − 𝑧0| = 𝑟is the complex form of the equation of a circle. 

𝑐𝑒𝑛𝑡𝑟𝑒𝑖𝑠𝑧0 and radius is r. 

 √𝑎 + 𝑖𝑏  = ± [√
𝑀𝑜𝑑𝑢𝑙𝑢𝑠+𝑅.𝑃

2
 +  √

𝑀𝑜𝑑𝑢𝑙𝑢𝑠−𝑅.𝑃

2

𝑖
] 

 √𝑎 − 𝑖𝑏  = ± [√
𝑀𝑜𝑑𝑢𝑙𝑢𝑠+𝑅.𝑃

2
− √

𝑀𝑜𝑑𝑢𝑙𝑢𝑠−𝑅.𝑃

2

𝑖
] 

 

Two Marks Questions: 

1) i) 𝑖1948 − 𝑖−1869  =  𝑖1948  −𝑖−1868  . 𝑖−1 

           = 1 – (1) 
1

𝑖
= 1 - 

𝑖

𝑖2
= 1 + 𝑖 

 ii) 𝑖59 +
1

𝑖59
= 𝑖56. 𝑖3 + 

1

𝑖56 .𝑖3
= 𝑖3 + 

1

𝑖3
= −𝑖 + 

1

−𝑖
 

           = -i + 
1𝑥𝑖

−𝑖𝑥𝑖
 = -i + (+ i) = 0  

 iii) ∑ 𝑖𝑛+50 10
𝑛=1 = 𝑖51 + 𝑖52 + 𝑖53 +⋯ . . + 𝑖60 {∴ 𝑖

51 + 𝑖52 + 𝑖53 + 𝑖54 = 0
𝑖55 + 𝑖56 + 𝑖57 + 𝑖58 = 0

 

                = 𝑖59 + 𝑖60 = 𝑖3+𝑖60 

     = 𝑖3 + 1 = -i +1  

      = 1 – i  
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Do it yourself:  

 Simplify: (i) 𝑖−1924 + 𝑖2018  ii) ∑ 𝑖𝑛10
𝑛=1 𝑖𝑖𝑖)  𝑖, 𝑖2, 𝑖3… . . 𝑖40  

2) If z= 5- 2i, w = -1+3i  find i) z –iw  ii) 𝑧2 + 2𝑧𝑤 + 𝑤2 

 i) z – iw = 5 – 2i –i(-1 + 3i)  

       = 5 – 2i + i - 3𝑖2 = 8 − 𝑖 

 ii) 𝑧2 + 2𝑧𝑤 + 𝑤2 = (𝑧 + 𝑤)2 = [(5 − 2𝑖) + (−1 + 3𝑖)] =  (4 + 𝑖)2 

             = 42 + 𝑖2 + 8𝑖 = 15 + 8𝑖 

Do it yourself: 

 (i) zw   (ii) 2z + 3w 

 If 𝑧1 = 1 − 3𝑖, 𝑧2 = −4𝑖, 𝑧3 = 5 𝑝𝑟𝑜𝑣𝑒: (𝑧1𝑧2)𝑧3 = 𝑧1( 𝑧2𝑧3) 

 LHS = (𝑧1𝑧2)𝑧3 = { (1 – 3i) (-4i)} 5= (-4i+12i2)5 

         -20i+60i2= -60 – 20i  

 RHS = 𝑧1(𝑧2𝑧3) = (1 − 3𝑖){(−4𝑖)5}= (1 – 3i) (-20i)  

          = -20i + 60𝑖2 = −60 − 20𝑖 

Do it yourself: 

 (𝑧1 + 𝑧2) + 𝑧3 = 𝑧1 + (𝑧2 + 𝑧3) 

4) Write in rectangular form: 

 (
1+𝑖

1−𝑖
)
3

− (
1−𝑖

1+𝑖
)
3

 

 
1+𝑖

1−𝑖
  x 

1+𝑖

1+𝑖
 = 
(1+𝑖)2

12−𝑖2
 = 
1+𝑖2+2𝑖

2
 = 
2𝑖

2
 = i 

 
1−𝑖

1+ 𝑖
  x 

1− 𝑖

1− 𝑖
 = 
(1− 𝑖)2

12−𝑖2
 = 
1+𝑖2−2𝑖

2
 = 
−2𝑖

2
 = -i 

 (
1+𝑖

1−𝑖
)
3

− (
1−𝑖

1+𝑖
)
3

 = (𝑖)3 − (−𝑖)3 = 𝑖3 + 𝑖3 = 2𝑖3 = −2𝑖 

5) If z = ( 2 + 3i) (1 – i) find 𝑧−1 

   Z= (2 + 3i) (1 – i) = 2 – 2i + 3i - 3𝑖2 = 5 + 𝑖 

 𝑧−1 = 
1

𝑧
=   

1

5+𝑖
=   

1

5+𝑖
𝑋
5−𝑖

5−𝑖
= 

5−𝑖

52−𝑖2
 =

5−𝑖

26
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Do it yourself: 

1) Write 
3+4𝑖

5 −12𝑖
 in the x + iy form, hence find its real and imaginary parts: 

2) If 𝑧1 = 3 – 2i, 𝑧2 = 6 + 4𝑖find 
𝑧1

𝑧2
 in the rectangular form  

6)  Write 3𝑖̅ + 
1

2−𝑖
 in rectangular form: 

 3𝑖̅ + 
1

2−𝑖
= −3𝑖 + 

1 𝑥(2+𝑖)

(2−𝑖)(2+𝑖)
= −3𝑖 + 

2+𝑖

22−𝑖2
 

       -3i + 
2+𝑖

5
 = 
15𝑖+2+𝑖

5
 = 
2−14𝑖

5
 

7)  If z = x + iy, write 𝑅𝑒(𝑖𝑧̅) in rectangular form  

 𝑅𝑒(𝑖𝑧̅) = 𝑅𝑒(𝑖(𝑥 − 𝑖𝑦)) =  𝑅𝑒(𝑖𝑥 + 𝑦) = 𝑦 

Do it yourself: 

1) (5 + 9i) + (2 -4i)    2) 𝑅𝑒(1 𝑧⁄ ) 

8)  Find |
𝑖 (2+𝑖)3

(1+𝑖)2
| 

 |
𝑖 (2+𝑖)3

(1+𝑖)2
| = 

|𝑖||2+𝑖|3

|1+𝑖|2
 =  

1 (√4+ 1)
3

(√1+1)
2  = 

√5
3

√2
2   = 

5 √5

2
 

Do it yourself: 

 Find the modulus of the following: 

 1) 
2 𝑖

3+4𝑖
   2) (1 − 𝑖)10 

9) If |𝑧| = 3, prove that 7≤ |𝑧 + 6 − 8𝑖|  ≤ 13 

  * ||𝑧1| − |𝑧2||  ≤   ≤  |𝑧1| +  |𝑧2| 

 Let 𝑧1 = 𝑧, 𝑧2 = 6 − 8𝑖  |𝑧2| =  √36 + 64 = 10  

 |𝑧| − |6 − 8𝑖|   ≤  |𝑧 + 6 − 8𝑖|  ≤  |𝑧| + 10   

 |3 − 10| ≤  |𝑧 + 6 − 8𝑖|  ≤  3 +  10   

 7≤ |𝑧 + 6 − 8𝑖|  ≤ 13 

Do it yourself: 

 If  |𝑧| = 2, 𝑃. 𝑇. 3 ≤  |𝑧 + 3 + 4𝑖|  ≤ 7 
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 10) Find the square root of the following: 

 i) -6 + 8i  ii) -5 – 12i 

 √𝑎 + 𝑖𝑏  = ± [√
/𝑧/ +𝑎

2
] + 

𝑖𝑏

|𝑏|
√
/𝑧/ −𝑎

2
  

 Let z = -6+8i        a = -6,       b = 8  |𝑧| = √36 + 64  = 10 

√−6 + 8𝑖 = ± [√
10+(−6)

2
  +  

𝑖8

|8|
√
10−(−6)

2
] =[√2 + 𝑖√8] 

 ii) z = -5-12i  

      a = -5, b = -12  |𝑧|√25 + 144  = 13 

 √−5 + 12𝑖 = ± [√
13+(−5)

2
  +  

𝑖 (−12)

|−12|
√
13−(−5)

2
] = ±[2 − 3𝑖] 

Do it yourself: 

 √6 + 8𝑖, √4 + 3𝑖 - find  

11. Obtain the cartesian form of the locus of z = x + iy in each of the following: 

 i) [𝑅𝑒 (𝑖𝑧)]2 = 3  ii) 𝑧̅  =  𝑧̅1 

   z = x + iy 

  (z = i(x + iy) = (ix – y) = -y + ix 

  [𝑅𝑒 (𝑖𝑧)]2 = (−𝑦)2 = 3 

    ∴ 𝑦2 − 3 = 0 

 ii) 𝑧̅  =  𝑧̅1 

  x – iy = 
1

𝑥+𝑖𝑦
 

 (x + iy) (x – iy) = i 

  𝑥2 + 𝑦2 = 1 

Do it yourself: 

 i) |𝑧| = |𝑧 − 𝑖|  ii)  |𝑧 + 𝑖| = |𝑧 − 1| 
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12. Show that the following equations represent a circle and find its centre and radius  

 1. |2𝑧 + 2 − 4𝑖| =  2  

  (2)  |𝑧 + 1 − 2𝑖| =  1 

 |𝑧 − (−1 + 2𝑖)| =  1 It is of the form |𝑧 − 𝑧0| =  𝑟 and so it represents a 

circle  

 Centre = -1+2i  = (-1, 2)        radius = 1 

2. |3𝑧 − 6 + 12𝑖| =  8 

  (3)  |𝑧 − 2 + 4𝑖| =  8 3⁄  

  |𝑧 − (2 − 4𝑖| = 8 3⁄  

 Centre= 2 – 4i  = (2, -4)radius; = 8 3⁄  

Do it yourself: 

 1. |𝑧 − 2 − 𝑖| =  3    

2. |3𝑧 − 5 + 𝑖| =  4 

13. If𝑧 = 3 + 2𝑖then show that 𝑧, 𝑖𝑧and 𝑧 + 𝑖𝑧form the vertices of an isosceles right triangle 

 𝐴𝐵2 = |(𝑥 + 𝑖𝑧) − 2|2  =  |−2 + 3𝑖|2 = √4 + 9
2
 =  √13

2
  =   13  

 𝐵𝐶2 = |𝑖𝑧 − (𝑧 + 𝑖𝑧)|2  =  |−3 + 2𝑖|2 =    13  

 𝐶𝐴2 = |𝑧 − 𝑖𝑧|2  =  |5 − 𝑖|2 =  26  

 𝐴𝐵2 + 𝐵𝐶2 = 𝐶𝐴2andAB = BC 

 / ABCis an isosceles right triangle ;. 
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THREE MARKS QUESTION: 

1. Triangle inequality  

 For any two complex numbers z1, z2 

  |𝑧1  + 𝑧2||𝑧1| +  |𝑧2| 

 Proof:  |𝑧1  + 𝑧2|
2 = (𝑧1  +  𝑧2)(𝑧1  +  𝑧2 ) 

   = (𝑧1  +  𝑧2)(𝑧1 +  𝑧2 ) 

   = 𝑧1𝑧1  +  𝑧2 𝑧2 + 𝑧1𝑧2  +  𝑧2 𝑧2  

   = |𝑧1|
2  +  |𝑧2 |

2 + 𝑧1𝑧2  +  𝑧2 𝑧2  

   = |𝑧1|
2  +  |𝑧2 |

2 + 2𝑅𝑒(𝑧1𝑧2) 

   ≤ |𝑧1|
2  +  |𝑧2 |

2 + 2 (𝑧1𝑧2) 

   ≤ |𝑧1|
2  +  |𝑧2 |

2 + 2 |𝑧1||𝑧2| 

   ≤ [|𝑧1|  +  |𝑧2 |]
2 

 Taking sq.root>|𝑧1  +  𝑧2|   ≤  |𝑧1|  +  |𝑧2 | 

2. Find the values of the real numbers x and y, if the complex numbers  (3-i)x  - 2(2-i)y + 2i 

+ 5 and 2x + (-1 + 2i) y + 3 + 2i Equating real and imaginary parts 

  (3-i)x – (2-i)y + 2i+5 = 2x + (-1 + 2i)y + 3 + 2i 

 3x –ix – 2y + iy + 2i + 5 = 2x – y +2iy + 3 + 2i 

 3x – 2y + 5 = 2x = y + 3  -x + y + 2 = 2y + 2 

  x – y + 2 = 0 …(1)   -x – y = 0 ………… (2) 

 (1) + (2)  -2y + 2 = 0 

    y = 1  from equ. (2)–x -1 = 0 

            x = -1 

 Do it yourself:  

  Find the value of the real numbers and y if the complex number (2+i)x + (1-i)y + 

2i -3and x+(-1+2i)y + 1 + i are equal  

3. Find the additive and multiplicative inverse of -3-4ilet z = -3 -4i  

 Additive inverse of z => -z = 3 + 4i 

 Multiplicative inverse of z =>
1

𝑧
 =  

1

−3−4𝑖
  

  =
1 ×(−3+4𝑖)

(−3−4𝑖)(−3+4𝑖)
 =  

−3+4𝑖

9+16
 =  

−3+4𝑖

25
 

 Do it yourself:  

  1). Find the additive and multiplicative inverse of 2+5i 

  2) If z1=3, z2= -7i , z3=5+4i then  prove that z1(z2+z3) = z1 z2 + z1 z3 
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4. The complex numbers u, v and w are related by 
1

𝑢
= 

1

𝑣
 +  

1

𝑤
 If v =   3 – 4i and w = 4+3i find u 

– in rectangular form.  

  
1

𝑢
= 

1

𝑣
 + 

1

𝑤
 

   = 
1

3−  4𝑖
 + 

1

4+ 4𝑖
 

  
1

𝑢
= 

3+4𝑖

9+16
 +  

 4−3𝑖

16+9
= 

7+𝑖

25
 

 u =  
25

7+𝑖
= 

75(7−𝑖)

(7+𝑖)(7−𝑖)
= 

25(7−𝑖)

50
= 

7−𝑖

2
 

5. Which one of the points 10-8i, 11+6i is closest to 1 + i  

 Let z = 1+i,   z1 = 10-8i,   z2 = 11 + 6i 

 |𝑧 −  𝑧1| =  |(1 + 𝑖) − (10 − 8𝑖)| =  |−9 + 9𝑖|  =  √81 + 81 =  √162 

 |𝑧 −  𝑧2| =  |(1 + 𝑖) − (11 − 6𝑖)| =  |−10 − 5𝑖|  =  √100 + 25 =  √125 

   √125 < √162 

 z2 = 11 + 6i is closest to 1 +i   

6. If   z1, z2 and z3are complex numbers such that |𝑧1| =  |𝑧2| =  |𝑧3| 

=|𝑧1 + 𝑧2 + 𝑧3| = 1find the value of|
1

𝑧1
+ 

1

𝑧2
+ 

1

𝑧3
| 

 |𝑧1| =  |𝑧2| =  |𝑧3|  = 1 

 |𝑧1|
2 = 1  𝑧1𝑧1̅ = 1  

  𝑧1̅ = 1 𝑧1⁄  , ⟹ 𝑧2̅ = 1 𝑧2⁄  

|
1

𝑧1
+ 

1

𝑧2
+ 

1

𝑧3
|=|𝑧1̅ + 𝑧2̅ + 𝑧3̅|=|𝑧1 + 𝑧2 + 𝑧3̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅|=|𝑧1 + 𝑧2 + 𝑧3|  = 1 

7. Show that the equation𝑧2 =𝑧̅has four solutions:. 

  𝑧2=𝑧̅ 

  |𝑧2|=|𝑧̅|  =  |𝑧| 

  |𝑧2| =  |𝑧|     |𝑧|= 1 

  |𝑧|(|𝑧| − 1) = 0    |𝑧2| = 1 

  |𝑧|  = 0     𝑧𝑧̅ = 1 

  𝑧 = 0  is a solution     / 𝑧̅ = 1 𝑧⁄  

  𝑧2=𝑧̅ =
1

𝑧
 

𝑧3 = 1      𝑧3 − 1 = 0It has 3 non zero solution including zero solution, there are four 

solutions.  

 Do it yourself:  

 1. Show that the equation 𝑧3 + 2𝑧̅= 0  has five solution 
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Five mark Questions 

1. Prove the following:  

 1. (2 + 𝑖√3)10 − (2 − 𝑖√3)10is purely imaginary  

  𝑧 =  (2 + 𝑖√3)
10
− (2 − 𝑖√3)

10
 

  𝑧 =  (2 + 𝑖√3)10 − (2 − 𝑖√3)10̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅   

  = (2 + 𝑖√3)10̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅   −  (2 − 𝑖√3)10̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ 

  = (2 + 𝑖√3)
̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅10 − (2 − 𝑖√3)

̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅10 

  = (2 − 𝑖√3)10  −  (2 + 𝑖√3)10 

 = - [(2 + 𝑖√3)10 − (2 − 𝑖√3)10]  =  −𝑧 

 / 𝑧̅ =  −𝑧  z is purely imaginary  

2.  (
19−7𝑖

9+𝑖
)
12

 +  (
20 −5𝑖

7−6𝑖
)
12

is real ; 

  
19−7𝑖

9+𝑖
 =  

19−7𝑖

9+𝑖
 ×  

9−𝑖

9− 𝑖
=
171−19𝑖−63𝑖+ 7𝑖2

81+1
 

     =
164−82𝑖

82
=
82(2−𝑖)

82
= 2 –i 

  
20 −5𝑖

7−6𝑖
 =  

20 −5𝑖

7−6𝑖
 ×  

7+6𝑖

7+6𝑖
= 

140−120𝑖−35𝑖+ 30𝑖2

49+36
 

= 
170+85𝑖

85
=
85(2+𝑖)

85
= 2+i  

  (
19−7𝑖

9+𝑖
)
12

 +  (
20 −5𝑖

7−6𝑖
)
12

= (2 − 𝑖)12  +  (2 + 𝑖)12  = 𝑧   say 

  𝑧 =  (2 − 𝑖)12 + (2 + 𝑖)12̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ = (2 − 𝑖)12̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅  +  (2 − 𝑖)12̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ 

  = (2 − 𝑖)̅̅ ̅̅ ̅̅ ̅̅ ̅12 +  (2 + 𝑖)̅̅ ̅̅ ̅̅ ̅̅ ̅12 

  =(2 + 𝑖)12 + (2 − 𝑖)12  = 𝑧 

  𝑧̅ =  𝑧    z  is purely real  

 Do it yourself: 

 Prove 1. (2 + 𝑖√3)10 + (2 − 𝑖√3)10is purely real and  

   2. (
19+9𝑖

5−3𝑖
)
15

− (
8 −𝑖

1+2𝑖
)
15

is purely imaginary  
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2. Show that the points     1, 
−1

2
+ 

𝑖√3

2
and 

−1

2
−
𝑖√3

2
are the vertices of an equilateral 

triangle  

  z1 = 1 ,  z2 = 
− 1+𝑖√3

2
,z3=

− 1−𝑖√3

2
 

 |𝑧1 − 𝑧2|  =  |1 − (
− 1+𝑖√3

2
)|  =  |

3 − 𝑖√3

2
|  =  

√9 +3

2
 =   

2√3

2
 =  √3 

 |𝑧2 − 𝑧3|  =  |(
− 1+𝑖√3

2
) − (

− 1−𝑖√3

2
)|  =  |

0+2𝑖√3

2
|  =  √02 + √3

2
 =   =  √3 

 |𝑧3 − 𝑧1|  =  |
1

2
−
𝑖√3

2
− 1 |  =  |

−3 − 𝑖√3

2
|  =  

√9 +3

2
 =   √3 

 Since the sides are equal, the given points form an equilateral triangle. 

3. Let𝑧1 ,   𝑧2,   𝑧3be complex numbers such that|𝑧1| =  |𝑧2| =  |𝑧3| = 𝑟 > 0and  

𝑧1 + 𝑧2 + 𝑧30 then prove that|
𝑧1𝑧2 + 𝑧2+𝑧3 +  𝑧3+𝑧1

𝑧1+ 𝑧2+ 𝑧3
| = 𝑟 

solution: 

 |𝑧1| =  |𝑧2| =  |𝑧3| = 𝑟 

 𝑧1𝑧1̅=𝑟
2 

 𝑧1 =
𝑟2

𝑧1̅̅ ̅
,𝑧2 =

𝑟2

𝑧2̅̅ ̅
,𝑧3 =

𝑟2

𝑧3̅̅ ̅
 

 𝑧1 + 𝑧2 + 𝑧3 = 
𝑟2

𝑧1̅̅ ̅
+ 

𝑟2

𝑧2̅̅ ̅
+ 

𝑟2

𝑧3̅̅ ̅
= 𝑟2 [

𝑧2𝑧3 +𝑧1𝑧3 + 𝑧1𝑧2

𝑧1𝑧2𝑧3
] 

 |𝑧1 + 𝑧2 + 𝑧3| = |𝑟
2| [

𝑧2𝑧3 +𝑧1𝑧3 + 𝑧1𝑧2

𝑧1𝑧2𝑧3
] =

𝑟2|𝑧2𝑧3 + 𝑧1𝑧3 +  𝑧1𝑧2|

|𝑧1||𝑧2||𝑧3|
 

  =
𝑟2[|𝑧2𝑧3 + 𝑧1𝑧3 +  𝑧1𝑧2|]

𝑟3
 

 𝑟 =  
|𝑧2𝑧3 + 𝑧1𝑧3 +  𝑧1𝑧2|

|𝑧1+𝑧2+ 𝑧3|
   =|

𝑧2𝑧3 + 𝑧1𝑧3 +  𝑧1𝑧2

𝑧1+𝑧2+ 𝑧3
| 

 Do it yourself:  

𝐼𝑓𝑧1 ,   𝑧2 and 𝑧3 are three complex numbers such that |𝑧1| =  1 , |𝑧2| = 2 , |𝑧3| = 3 and 

|𝑧1 + 𝑧2 + 𝑧3| = 1show that |9𝑧1𝑧2  + 4 𝑧1𝑧3  +   𝑧2𝑧3|  = 6 

4)       If  z = x + iy  is a complex number such that ; Im[
2𝑧+1

𝑖𝑧+1
] = 0 , show that the locus of z is        

2x2 + 2y2 + x – 2y = 0 

  
2𝑧+1

𝑖𝑧+1
 =  

2(𝑥+𝑖𝑦)+1

𝑖(𝑥+𝑖𝑦)+1
 =  

(2𝑥+1)+(2𝑖𝑦)

𝑖𝑥−𝑦+1
 

  =
(2𝑥+1)+(2𝑖𝑦)

(1−𝑦)+𝑖𝑥
 ×  

(1−𝑦)−𝑖𝑥

(1−𝑦)−𝑖𝑥
 

  Im[
2𝑧+1

𝑖𝑧+1
]  =   

−𝑥(2𝑥+1)+2𝑦(1−𝑦)

(1−𝑦)2+ 𝑥2
=  0 

  -2x2 – x + 2y – 2y2 = 0 

 (∴)  2x2 + 2y2 +x – 2y = 0 
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5. Obtain the Cartesian form of the locus of z = x + iy in |𝑧 + 𝑖| =  |𝑧 − 1| 

  |𝑥 + 𝑖𝑦 + 𝑖| =  |𝑥 + 𝑖𝑦 − 1| 

  |𝑥 + 𝑖((𝑦 + 1)| =  |(𝑥 − 1) + 𝑖𝑦)| 

  √𝑥2 + (𝑦 + 1)2=√(𝑥 − 1)2 + 𝑦2 

 Squaring on both sides 𝑥2 + (𝑦 + 1)2 = (𝑥 − 1)2 + 𝑦2 

   𝑥2 + 𝑦2 + 2𝑦 + 1 =  𝑥2 − 2𝑥 + 1 + 𝑦2 

   2x + 2y = 0 

  ( 2)   x + y  = 0 

 Do it yourself:  

If z = x + iy is a complex number such that |
𝑧−4𝑖

𝑧+4𝑖
| = 1 show that the locus of ;>zis real axis 

 

Chapter – 3 (Theory of Equation) 

1. Quadratic equation is ax2 + bx + c  = 0 

  The roots are , 

  Σ1  =   +   = - 
𝑏

𝑎
 

  Σ2  =    = 
𝑐

𝑎
 

If roots are given then the equation  is 

 𝑥2 − Σ1𝑥 + Σ2 = 0  

2. Cubic equation is    ax3 + bx2 + cx + d  = 0 

  The roots are ,, 

  Σ1  =   +  +    = −
𝑏

𝑎
 

  Σ2  =   +  +   = 
𝑐

𝑎
 

  Σ3  =     = −
𝑑

𝑎
 

If roots are given then the equation  is 

  𝑥3 − Σ1𝑥
2 + Σ2𝑥 − Σ3  = 0  

3. Fourth degree equation is  

  ax4 + bx3 + cx2 + dx + e  = 0 

  The roots are ,,, 

  Σ1  =   +  +  +   = −
𝑏

𝑎
 

  Σ2  =   +  +  +  +  +    = 
𝑐

𝑎
 

  Σ3  =    +   +  +   = −
𝑑

𝑎
 

  Σ4  =   = 
𝑒

𝑎
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If roots are given then the equation  is 

  𝑥4 − Σ1𝑥
3 + Σ2𝑥

2 − Σ3𝑥 + Σ4  = 0  

1. If ,are the roots of the equation 17x2 + 43x – 73 = 0 construct a quadratic equation whose 

roots are  + 2,   +2 

 Solution: 

  17x2 + 43x – 73 = 0 

  a = 17,  b = 43, c = -73 

  Σ1  =   +   =  −
𝑏

𝑎
    =  −

43

17
 

  Σ2  =    = 
𝑐

𝑎
    =  −

73

17
 

  Given roots are  + 2,   +2 

  Σ1  =   + 2 +  +2= +  + 4 = −
43

17
+ 4 = −

43+68

17
 

     =
25

17
 

  Σ2  =   ( + 2) ( +2)= + 2 + 2 + 4  

     =  + 2  ( +) + 4   

=−
73

17
+ 2(

−43

17
)  + 4 

     =
−73−86+68

17
 =  

−91

17
 

   / equation x2 - Σ1𝑥 + Σ2=  0 

      𝑥2 −
25

17
 ×  

−91

17
= 0 

    x17   17x2 – 25x – 91 = 0 

2. If ,  are roots of 2x2 – 7x + 13 = 0 construct a quadratic equation whose roots are  

𝛼2 , 𝛽2         (Eg: 3.2) 

 Solution: 

  2x2 – 7x + 13 = 0 

  a = 2,  b = -7,  c = 13 

  Σ1 =  𝛼 +  𝛽 =  
−𝑏

𝑎
= − (

−7

2
) =  

7

2
 

  Σ2 =  𝛼𝛽 =  
𝑐

𝑎
=  

13

2
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 To form the equation whose roots are𝛼2 , 𝛽2 

  Σ1 = 𝛼
2 + 𝛽2=(𝛼 +  𝛽)2 − 2𝛼𝛽 

    = (
7

2
)
2

− 2(
13

2
)   =   

49

4
 − 13 

    =
49 −52

4
 =   

−3

4
 

  Σ2 = 𝛼
2𝛽2  =(𝛼𝛽)2=(

13

2
)
2

= 
169

4
 

 / equation𝑥2 − Σ1𝑥 + Σ2= 0 

   𝑥2 − (
−3

4
) 𝑥 + 

169

4
 = 0  

   𝑥2 −
3

4
𝑥 + 

169

4
 = 0 

 x 4 4x2 + 3x + 169 = 0 

3. Find the polynomial equation of minimum degree with rational coefficients,           having 

√5 −  √3as a root  

(Eg 3.2 (4)) 

 Solution: √5 −  √3is a root  

  √5 +  √3,−√5 + √3,−√5 − √3are also roots  

  x =√5 −  √3 

 squaring both sides: [(a-b)2 = a2 + b2 – 2ab] 

  x2 = (√5 − √3)
2
 =  (√5)

2
+ (√3)

2
− 2√5√3 

   x2 = 5 + 3 – 2√5√3 

   x2 = 8– 2√5√3 

   x2 - 8 =  – 2√5√3 

Again squaring both sides  

 (𝑥2 − 8)2  =  ( –  2 √5√3)
2
 

 𝑥4 + 64 − 2𝑥2(8) = 4(5)(3) 

 𝑥4 + 64 − 16𝑥2 = 60 

 𝑥4 − 16𝑥2 +  64 − 60 = 0 

  𝑥4 − 16𝑥2 +  4 = 0 
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4. Form a polynomial equation with integer coefficients with √
√2

√3
 as a root  

 (Eg: 3.10) 

  x =√
√2

√3
 

 Squaring both sides  x2 =
√2

√3
 

 Again squaring both sides  

    𝑥4  =   
2

3
 

    3𝑥4 −   2 = 0 

5. Show that the equation 2x2 – 6x + 7 = 0cannot be satisfied by any real values of x 

 (Eg 3.11) 

 Solution:: 

  Discriminant   = b2 – 4ac 

   Here a = 2,  b = -6,  c = 7 

   = (-6)2  - 4(2) (7)  =  36 – 56 

   =  -20 < 0 

   ∵< 0 the roots are imaginary  

6. If x 2 + 2(k+2)x + 9k = 0 has equal roots, find k  

        (Eg 3.12) 

 Solution:  Equal roots   = b2 – 4ac 

   Here a = 1  b = 2(K+2),  c = 9k  

   Equal roots   = 0 

   [2(k+2)]2 – 4(1)(9k)  =  0 

    4(k+2)2 -4(9k)   = 0       4  

 4  (k+2)2 – 9k  = 0     -4  -1  -5 

   K2 + 4 + 4k – 9k  =  0   

   K2 – 5k + 4  =  0 

   (k -4)  (k-1) = 0 

    k =4,  k = 1 
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7. Solve  the cubic equation 2x3 – 9x2 + 10x = 3   (Eq.3.3 – 6(i)) 

 Solution: 

  2x3 – 9x2 + 10x = 3First rewrite the given equation as below  

  2x3 – 9x2 + 10x -3  = 0 

  The Co-efficient are  2 ,– 9, 10, -3 

  Sum of the coefficients = 2 – 9 +10 – 3 = 12-12 = 0 

  x =  1then is root  

  If sum of the coefficients  

   x = 1 2 -9 10 -3    6 

    0 2 -7 3   -6 -1 -7 

    2       -7 3 0    2  2  

   2x2 – 7x +3  =  0     -3 -1/3 

   (x – 3) (x – ½) = 0    x = 3,  x = ½ 

 Solution: x = 1,  x = 3,  x =1/2 

8. Solve the equation:x3 – 3x2 – 33x + 35 = 0  (Eg3.17) 

 Solution:  

The co-efficients 1 -3 -33 35 

  sum of the roots  1-13-33+35  =  36 – 36  =  0 

  / x =  1 is a real  

  x = 1   1 -3  -33  35 

   0  1   -2  -35 

   1  -2  -35  0 

   x2 – 2x – 35 = 0      -35   

   (x - 7) (x + 5)   = 0         -7  5 -2 

    x = 7 ,   x = 5 

  / Solution: x = 1,  x = 7,  x = -5 
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9. Solve  the cubic equation 8x3 – 2x2 – 7x + 3  =  0  (Eg3.3 6(ii)) 

 Solution: 

   The co-efficient are 8 -2  -7  3           

 

      S1    S2 

  S1 = 8 – 7  =  1,   S2 = -2 + 3  = 1 

  S1 = S2/ x = -1is a root  

   x = -1  8 -2 -7 3 

     0 -8 10 -3 

     8 -10 3 0   24 

   8x2 – 10x + 3  =  0     -6 -4 -10 

   (𝑥 −
3

4
) (𝑥 −

1

2
)=  0             -6/8     -4 / 8 

   𝑥 =  
3

4
  ,  𝑥 =  

1

2
               -3/4    -1/2  

 Solution: x = -1,    𝑥 =  
3

4
 ,𝑥 =  

1

2
         

 

10. Solve  the cubic equation 2x3 + 11x2 -9x -18  =  0  (Eg: 3.18) 

  The co-efficient are   2 11 -9 -18 

 

       S1  S2 

  S1 = 2 – 9 = -7,  S2 = 11-18 = -7 

  S1=  S2/ x = -1is a root 

 

   x = -1  2 11 -9 -18   36 

     0 -2 -9  18  12 -3 9 

     2 9 -18  0  12 -3 

     2x2 + 9x -18  = 0   2  2   

     (x + 6) (𝑥 −
3

2
)=  0   6 -3 

     x = -6 ,𝑥 =  
3

2
     2 

  /  Solution:  x = -6,  𝑥 =  
3

2
  ,  x  = -1 
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11. Solve  the equation: 7x3 – 43x2 = 43 – 7  (Eg: 3.27) 

 Solution: 7x3 – 43x2 = 43 -7 

 Rewriting the equation in correct order 7x3 – 43x2 – 43x + 7  =  0 

  The coefficients are   7 -43  -43  7 

      

     S1    S2 

  S1 = 7 -43 = - 36,  S2 = -43 + 7  = -36 

  S1 = S2  / x = -1 is a root 

   x = -1  7 -43  -43 7    49 

     0 -7  50    -7  -49 -1  -50 

     7 -50   7     0     -49/7 -1/7 

   7x2 – 50x + 7  = 0         -7   -1/7 

   (x – 7)  (𝑥 −
1

7
)  = 0  

    x = 7,   𝑥 =  
1

7
   

 / Solution: x = -1,  x = 7,  𝑥 =  
1

7
  

12. Solve  : x4 + 3x3 – 3x – 1  =  0  (Eg3.5 5(ii)) 

  Solution:   

The coefficients are 1 3 0 -3 -1 [Note  

Sum of the coefficients1 + 3 + 0 – 3 -1 = 4 – 4 = 0     

x2term is missing] 

/ x = 1is a root  

     S2 

   1 3 0 -3 -1    

     S1 

S1  = 1+0 -1  =  0 ,  S2 = 3 – 3  = 0 

 S1 = S2  / x = -1is a root  

 x =1  1 3 0 -3 -1 

   0 1 4  4  1 

 x = -1  1 4 4  1  0 

   0   -1          -3 -1 

   1 3 1  0 
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 x2 + 3x + 1  =  0 

 a =1,  b = 3,  c =1 

𝑥 =  
−𝑏 ± √𝑏2 − 4𝑎𝑐

2𝑎
 

 = 
−3 ± √32−4(1)(1)

2(1)
= 
−3 ± √9−4

2
     =  

−3 ± √5

2
 

 / Solution: x = 1,  x =-1,𝑥 =
−3+ √5

2
 , 𝑥 =

−3 − √5

2
 

13. Solve  the cubic equation 2x3 – x2 -18x + 9 = 0 if sum of its two roots vanishes:  

(Eg3.3(1)) 

 Solution clearly sum 2-1 -18 + 9  0 

  x = 1 is not a root  

  S1 S2 / x = -1 is not a root  

  x =2,  x = -2  are also not roots  

  By trail put x = 3  

  x = 3  2 -1 -18  9 

     6  15 -9 

    2 5 -3  0 

 Reaminder is 0     x = 3is a root  

 Putx = -3 

  x= -3  2 5 -3 

     -6  3 

    2    -1  0 

  Remainder is 0   x = -3is also a root 

 

 Note Clearly sum of two of its roots 3 -3 = 0 vanishes  

   2x -1 = 0 

   2x = 1 

   x = ½  

  solution x = 3,  x = -3,  x = ½ 

 

 



33 
 

14. Find all zeros of the polynomial x6 – 3x5 – 5x4 + 22x3 – 39x2 – 39x + 135 if it is known that 

1+2i and√3are two of its roots 

         (Eg 3.3 (5)) 

 Solution : 

  The root are  ;1 +2i,  1-2i,  √3 , -√3 ,  ,  

  Σ1 = 1 + 2𝑖 + 1 − 2𝑖 + √3 − √3 +  𝛼 +  𝛽 =  
𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡

𝐶𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑜𝑓𝑥6
- 

   2 +  +   =  
−(−3)

1
= 3 

     + =  1  …………… (1) 

  Σ6 = (1 + 2𝑖)(1 − 2𝑖)(√3)(− √3) +  𝛼𝛽 =
𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑜𝑓𝑥5

𝐶𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑜𝑓𝑥6
-  

 (12 + 22) (-3) =  135 / 1 = 135 

   (1 + 4) (-3)   = 135 

   5(-3) =  135 

     = 
135

−15
  = -9 

     = -9 

  x2– () x +   =  0 

   x2– x – 9  =  0 

𝑥 =  
−𝑏 ± √𝑏2−4𝑎𝑐

2𝑎
  =
1 ± √(−1)2−4(1)(−9)

2
= 
1 ± √1+36

2
=
1 ± √37

2
 

Solution : 1 + 2𝑖, 1 − 2𝑖, √3 , − √3 ,
1+ √37

2
 ,
1− √37

2
 

15. Solve the equation: x4 – 9x2 + 20 = 0  (Eg: 3.16) 

   Put   x2 = y      20 

   y2 – 9y + 20 = 0    -5 -4 -9 

   (y – 5) (y -4) = 0 

   y =5,  y = 4 

  y = 5 If x2 = 5   x = √5  

  y = 4 If   x2 = 4  x =  2   

  Solution  x = 2, -2, √5 , −√5 
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Solve the equation: y4 – 14x2 + 45 = 0  Eg: 3.3(7) 

   Put   x2 = y      45 

   y2 – 14y + 45 = 0    -9 -5 -14 

   (y – 9) (y -5) = 0 

   y = 9,  y = 5 

  y = 9  If   x2 = 9 x = 3  

  y = 5   If; x2 = 5 x = √5   

  Solution  x = 3, -3, √5 , −√5 

16. Solve: 6x4 – 35x3 + 62x2 – 35x + 6 = 0  (Eg3.5.5 (i) 

 Solution: This is a reciprocal equation  

  x = 2put 

  x = 2  6 -35  62 -35  6 

      12  -46  32  -6 

    6 -23  16 -3  0 

 Remainder  is 0; x = 2is a root 

  x = 3is a root  

 Since the given equation is a reciprocal equation  

  x = 2, x = 3   are roots  x = ½,  x =1/3are also root  

 / solution x = 2,  x =3,  x = ½,   x = 1/3 

17. Solve 6x4 – 5x3 -38x2 – 5x + 6 = 0,  x = 1/3if it is known that is a solution  

  Solution:  This is a reciprocal equation  

  Given x  = 1/3 is a root ; x =  3is a root  

  x = 3  6 -5 -38 -5 6 

    0 18  39  3       -6 

  x = -2  6 13  1 -2 0 x = -2 

    0           -12 -2  2 

    6 1  -1  0 

 Remainder0; x = -2is a solution 

 The given equation is a reciprocal equation x = -1/2is also a solution  

 /Solution x = 3,  x =1/3,  x = -2,  x = ½ 
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18. Solve : x4 – 10x3 +26x2 – 10x + 1 = 0  (Eg: 3.28) 

 Solution: For this problem, let us remainder few steps . 

  Put𝑥 + 
1

𝑥
 =  𝑦 

 𝑦2–  10𝑦 +  24 =  0      24 

(𝑦 − 4)(𝑦 − 6)  = 0     -4 -6 -10 

                            y=4  ,y=6 

 (i) If y  =  4 𝑥 + 
1

𝑥
= 4 

𝑥2+1

𝑥
= 4x2 + 1 = 4x 

x2 – 4x + 1 = 0  𝑥 =  
−𝑏 ± √𝑏2−4𝑎𝑐

2𝑎
  a = 1,  b = -4, c = 1 

x = 
4 ± √(−4)2−4(1)(1)

2
   = 

4 ± √16−4

2
     =  

4 ± √12

2
 

=
4 ± √4 ×3

2
=
4 ±2 √3

2
 =

2 (2 ± √3)

2
=(2 ± √3) 

 (ii) If y = 6  𝑥 + 
1

𝑥
= 6  

𝑥2+1

𝑥
= 6 x2 + 1 = 6x 

  x2 – 6x + 1 = 0  x =
6 ± √(−6)2−4(1)(1)

2
 

  x =
6 ± √36 − 4

2
=
6 ± √32

2
=
6 ± √16 ×2

2
 

=
6 ± 4√2

2
  =
2 (3 ± √2)

2
=(3 ± √2) 

 Solution:  2 + √3, 2 − √3  , 3 + ± √2  , 3 − √2 

19. Discuss the maximum possible number of positive and negative roots of the polynomial 

equation 9x9 – 4x8 + 4x7 – 3x6 + 2x5 + x3 + 7x2 + 7x + 2 = 0  (Ex: 3.6(1)) 

 Solution : P(x) = 9x9 – 4x8 + 4x7 – 3x6 + 2x5 + x3 + 7x2 + 7x + 2 = 0 

  P(x) +     -       +    -    + + + + + 

 

         1       2       3      4 

Number of sign changes in P(x) is 4  

 Maximum number of positive roots is 4  

 P(-x): - - - - - - + - + 

            1       2         3 

 Number of sign changes in P(-x) is 3  

 Maximum number of  negative roots is 3   
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20. Determine the number of positive and negative roots of the equation x9 – 5x8 – 14x7 =  

          (Eg: 3.6(4)) 

 Solution : P(x) = 9x9 – 4x8 + 4x7 

  P(x) =   +  - - 

         1 

 Number of sign changes in P(x) is 1 

 Maximum number of positive roots is 1 

 P(-x) =   -  - + 

         1 

 Number of sign changes in P(-x) is 1 

 Maximum number of negative roots is 1 

21. Find the exact number of real roots and imaginary of the polynomial x9 + 9x7 + 7x5 + 5x3 

+ 3x          (Eg: 3.6(5)) 

 Solution : P(x) =   +  + + + + 

  No sign change  

  No positive real root 

 P(-x) =   -  - - - - 

  No sign change  

  No negative real root 

  Since there is no constant term x = 0 is a root  

 / There are 8 imaginary rotos 

 (degree is 9 – one zero root = 8)  

22. Show that the polynomial 9x9 + 2x5 – x4 – 7x2 + 2 = 0has atleast six imaginary 

roots.         (Eg: 3.30) 

 Solution: P(x) =   +  + - - + 

          1        2 

  Number of sign changes in P(x) is 2 

 Maximum number of positive roots is 2 
 P(-x) =   -  - - - + 

          1 

  Number of sign changes in P(-x) is 1 

 Maximum number of negative roots is 1 

 There is a constant term (2) in P(x) 

Zero is not a root  

  Minimum number of imaginary roots is  

9 – (2 +1) = 9 -3 = 6 
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4. Inverse Trigometric  

Functions 
 Function   Domain   Range  

 𝑠𝑖𝑛−1   [−1, 1]   [−𝜋 2⁄  ,   
𝜋
2⁄ ] 

 𝑐𝑜𝑠−1   [−1, 1]   [0 ,   𝜋] 

 𝑡𝑎𝑛−1   𝑅   (−𝜋 2⁄
𝜋
2⁄ ) 

 𝑐𝑜𝑠𝑒𝑐−1  𝑅  \ (−1, 1)  [−𝜋 2⁄
𝜋
2⁄ ] / {0} 

 𝑠𝑒𝑐−1   𝑅  \ (−1, 1)  [0    𝜋] \ {𝜋 2⁄ } 

 𝑐𝑜𝑡−1   𝑅   (0    𝜋) 

If  Y = A sinx then period =
2𝜋

|𝛼|
 and amplitude|𝐴| 

2 & 3 Mark 
1. Find the value 

  𝑠𝑖𝑛−1(sin 2𝜋 3⁄ ) 

   =𝑠𝑖𝑛−1 (sin (𝜋 −
𝜋

3
)) 

   =𝑠𝑖𝑛−1(sin(𝜋 3⁄ )) 

   =𝜋 3⁄ [−𝜋 2⁄ , 𝜋 2⁄ ] 

2. 𝑠𝑖𝑛−1 (sin
5𝜋

4
)Find the value 

  =𝑠𝑖𝑛−1 (sin (𝜋 + 
𝜋

4
)) 

  =𝑠𝑖𝑛−1(−sin(𝜋 4⁄ )) 

  =𝑠𝑖𝑛−1(sin(−𝜋 4⁄ )) 

   = -𝜋 4⁄ [−𝜋 2⁄   ,
𝜋
2⁄ ] 

3. Find the value 

  𝑐𝑜𝑠−1 (cos (
7𝜋

6
)) 

  =𝑐𝑜𝑠−1 (cos (𝜋 + 
𝜋

6
)) 

  =𝑐𝑜𝑠−1 (−cos 
𝜋

6
) 

  =𝑐𝑜𝑠−1 (cos (𝜋 −
𝜋

6
)) 

  =𝑐𝑜𝑠−1 (cos 
5𝜋

6
) 

  =
5𝜋

6
∈  [0 , 𝜋]  
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4. Find the value:  𝑡𝑎𝑛−1 (tan 
5𝜋

4
) 

  𝑡𝑎𝑛−1 (tan 
5𝜋

4
)=𝑡𝑎𝑛−1 (tan (𝜋 + 

𝜋

4
)) 

     =𝑡𝑎𝑛−1(tan 𝜋 4⁄ ) 

     = 𝜋 4⁄ (−𝜋 2⁄ , 𝜋 2⁄ ) 

5. Find the principal value 

  𝑠𝑒𝑐−1 (
2

√3
) 

  𝑠𝑒𝑐−1 (2
√3
⁄ )= 𝑐𝑜𝑠−1 (√3 2

⁄ )=𝜋 6⁄  

      𝑠𝑒𝑐−1𝑥 =   𝑐𝑜𝑡−1 (
1

𝑥
) 

6. 𝑐𝑜𝑡−1(1 7⁄ )= Find the value of cos  

   =  𝑐𝑜𝑡−1(1 7⁄ ) 

  cot  = 1 7⁄   tan  = 7  

  sec  =   √1 + 𝑡𝑎𝑛2𝜃= √1 +  49  =√50 = 5√2 

  cos  =  
1

5√2
 

7. Find the principal value:  𝑐𝑜𝑠𝑒𝑐−1(−√2) 

 𝑐𝑜𝑠𝑒𝑐−1(−√2)   =𝑠𝑖𝑛−1 (−1
√2
⁄ ) 

    =−𝑠𝑖𝑛−1 (1
√2
⁄ ) 𝑠𝑖𝑛−1(−𝑥) =  −𝑠𝑖𝑛−1𝑥 

    =−𝜋 4⁄    𝑥𝜀 [−1, 1] 

8. 𝑠𝑖𝑛−1(2 − 3𝑥2)in Domain  

    −1 ≤ 2 − 3𝑥2  ≤ 1 

  (-2)  −3 ≤ −3𝑥2  ≤  −1 

  (3)  −1 ≤ −𝑥2  ≤  −1 3⁄  

  (-1)  1 ≥  𝑥2  ≥  1 3⁄  

    1 ≥  |𝑥|  ≥  1
√3
⁄   [ ] [ ]  

    
1

√3
 ≤  |𝑥|  ≤  1     -1  

−1

√3
    

1

√3
  1 

   𝑥𝜀 [−1,−1
√3
⁄ ]  ∪ [1

√3
⁄ , 1] 
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9. 𝑐𝑜𝑠−1[cos(−𝜋 6⁄ )]  ≠   −
𝜋
6⁄ True? Justify your answer  

  𝑐𝑜𝑠−1(cos(−𝜋 6⁄ ))= 𝑐𝑜𝑠−1(cos 𝜋 6⁄ )=
𝜋
6⁄  

  

  𝑐𝑜𝑠−1(cos(−𝜋 6⁄ ))  ≠   −
𝜋
6⁄  

10. Find the Domain F(x) =𝑠𝑖𝑛−1 (
𝑥2 +  1

2𝑥
) 

  |
𝑥2 +  1

2𝑥
|  ≤ 1 

  𝑥2  +   1 ≤ 2 |𝑥|  

  𝑥2  +   1 − 2 |𝑥|   ≤ 0 

  (|𝑥| − 1)2  ≤ 0 

  |𝑥| − 1 ≤   0 

  𝑥 [−1, 1] 

11. 𝑐𝑜𝑠−1 (
 2 + sin𝑥

3
)Find the Domain  

    -1 ≤
 2 + sin𝑥

3
 ≤ 1 

  (x3)  −3 ≤ 2 + sin 𝑥  ≤  3 

  (-2)  −5 ≤ 𝑠𝑖𝑛 ≤  1    

    −1 ≤ sin 𝑥  ≤  1 

    −𝜋 2⁄  ≤ sin 𝑥  ≤  
𝜋
2⁄  

    𝑥 ∈  [−𝜋 2⁄  ,
𝜋
2⁄ ] 

12. Find the value 𝑠𝑖𝑛−1 (sin
5𝜋

 9 
cos

𝜋

9
+ 𝑐𝑜𝑠

5𝜋

9
 . 𝑠𝑖𝑛

𝜋

9
) 

    =𝑠𝑖𝑛−1 (sin (
5𝜋

 9 
+ 

𝜋

9
)) 

    =𝑠𝑖𝑛−1 (sin (
6𝜋

 9 
))=𝑠𝑖𝑛−1(sin(2𝜋 3⁄ )) 

     𝑠𝑖𝑛−1(sin(𝜋 − 𝜋 3⁄ )) 

     =
𝜋

3
 ∈  [−𝜋 2⁄  ,

𝜋
2⁄ ] 
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5 Mark 

1. Find the Domain: 𝐹(𝑥)  = 𝑠𝑖𝑛−1 (
|𝑥|−2

3
) + 𝑐𝑜𝑠−1 (

1− |𝑥|

4
) 

  −1 ≤  
|𝑥|−2

3
 ≤ 1   −1 ≤  

1− |𝑥|

4
 ≤ 1 

  −1 ≤  |𝑥| − 2 ≤ 3   −4 ≤  1 − |𝑥|  ≤ 4 

  −1 ≤  |𝑥|  ≤ 5   −5 ≤  − |𝑥|  ≤ 3 

   |𝑥|  ≤ 5   5 ≥  − |𝑥|  ≥ −3 

  −5 ≤  |𝑥|  ≤ 5………. (1) −3 ≤   |𝑥|  ≤ 5………… (2) 

2. Find the value: 𝑐𝑜𝑠−1 (𝑐𝑜𝑠 (
4𝜋

3
)) + 𝑐𝑜𝑠−1 (𝑐𝑜𝑠 (

5𝜋

4
)) 

   = 𝑐𝑜𝑠−1 (𝑐𝑜𝑠 (𝜋 +
𝜋

3
)) + 𝑐𝑜𝑠−1 (𝑐𝑜𝑠 (𝜋 +

𝜋

4
)) 

   = 𝑐𝑜𝑠(𝜋 +  𝜃) = 𝑐𝑜𝑠(𝜋 − 𝜃)  = −𝑐𝑜𝑠𝜃 

   = 𝑐𝑜𝑠−1 (𝑐𝑜𝑠 (𝜋 −
𝜋

3
)) + 𝑐𝑜𝑠−1 (𝑐𝑜𝑠 (𝜋 −

𝜋

4
)) 

   =  𝑐𝑜𝑠−1 (𝑐𝑜𝑠 (
2𝜋

3
)) + 𝑐𝑜𝑠−1 (𝑐𝑜𝑠 (

3𝜋

4
)) 

   = 
2𝜋

3
+ 

3𝜋

4
= 

17𝜋

12
 

3. Find the value 𝑠𝑖𝑛(𝑡𝑎𝑛−1(1 2⁄ )) − 𝑐𝑜𝑠−1(4 5⁄ ) 

  𝑡𝑎𝑛−1 1 2⁄ = 𝐴 𝑐𝑜𝑠−1 4 5⁄ =   𝐵 

     

  sin 𝐴 =  1
√5
⁄     sin 𝐵 =  3 5⁄   

  cos 𝐴 =  2
√5
⁄     cos 𝐵 =  4 5⁄     

   𝑠𝑖𝑛(𝑡𝑎𝑛−1 1 2⁄   −  𝑐𝑜𝑠−1 4 5⁄ )  = sin(𝐴 − 𝐵) 

   =sin 𝐴 cos 𝐵 − cos 𝐴 sin 𝐵 

  = 
1

√5
 .
4

5
−

2

√5
 .
3

5
 

   = 
−2

5√5
 ×  

√5

√5
 

   = 
−2 √5

25
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4. Find the value 𝑐𝑜𝑠(𝑠𝑖𝑛−1(4 5⁄ )) − 𝑡𝑎𝑛−1(3 4⁄ ) 

  𝑠𝑖𝑛−1
4

5
= 𝐴 𝑡𝑎𝑛−1 3 4⁄ =   𝐵 

      

  sin 𝐴 =  4 5⁄     sin 𝐵 =  3 5⁄   

  cos 𝐴 =  3 5⁄     cos 𝐵 =  4 5⁄  

  𝑐𝑜𝑠(𝑠𝑖𝑛−1 4 5⁄  − 𝑡𝑎𝑛−1 3 4⁄ ) = cos(𝐴 − 𝐵) 

  = cos A cos B + sin A sin B 

  = 
3

5 
 .
4

5
+ 

4

5
 .
3

5
 

= 
24

25
 

5. Verify  tan(𝑠𝑖𝑛−1𝑥) =  
𝑥

√1− 𝑥2
-1 < x < 1 

 LHS:    tan (𝑠𝑖𝑛−1
𝑥

1
)     

       

  = tan (𝑡𝑎𝑛−1
𝑥

√1− 𝑥2
)  

  =  
𝑥

√1− 𝑥2
  -1 < x < 1 

  LHS  =  RHS 

6. Find the value: 𝑡𝑎𝑛−1(−1) + 𝑐𝑜𝑠−1(1 2⁄ ) + 𝑠𝑖𝑛−1(−1 2⁄ ) 

    = 𝑡𝑎𝑛−1(1) + 𝑐𝑜𝑠−1(1 2⁄ ) − 𝑠𝑖𝑛−1(1 2⁄ ) 

    = 
−𝜋

4
 +  

𝜋

3
−
𝜋

6
 

    = 
−𝜋

12
  

7.  Find the value 𝑐𝑜𝑡−1(1) + 𝑠𝑖𝑛−1 (−
√3

2
)−𝑠𝑒𝑐−1(−√2) 

   = 𝑡𝑎𝑛−1(1) − 𝑠𝑖𝑛−1 (
√3

2
)−𝑐𝑜𝑠−1 (−1

√2
⁄ ) 

   =  
𝜋

4
−
𝜋

3
− (𝜋 − 𝜋 4⁄ ) 

   = 
𝜋

4
−
𝜋

3
− 𝜋 + 𝜋 4⁄  

   =  
𝜋

2
−
𝜋

3
− 𝜋 

   = 
−5𝜋

6
  


